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ON p-ADIC EULER L-FUNCTIONS
SU HU AND MIN-SOO KIM
Abstract. In this paper, we define the p-adic Euler L-functions us-
ing the fermionic p-adic integral on Zp. By computing the values of the
p-adic Euler L-functions at negative integers, we show that for Dirich-
let characters with odd conductor, this definition is equivalent to the
previous definition in [8] following Kubata-Leopoldt and Washington’s
approach. We also study the behavior of p-adic Euler L-functions at
positive integers. An interesting thing is that most of the results in Sec-
tion 11.3.3 of Cohen’s book [3] are also established if we replace the
generalized Bernoulli numbers with the generalized Euler numbers.
1. Introduction
Throughout this paper, we use the following notations.
C − the field of complex numbers.
p − an odd rational prime number.
Zp − the ring of p-adic integers.
Qp − the field of fractions of Zp.
Cp − the completion of a fixed algebraic closure Qp of Q.
CZp − Qp\Zp.
vp − the p-adic valuation of Cp normalized so that |p|p = p
−vp(p) = p−1.
Z×p − the group of p-adic units.
In 1964, Kubota-Leopoldt [14] defined the p-adic analogues of classical
L-functions of Dirichlet which are closely related to the arithmetic of cy-
clotomic fields (see [5]). In [3, Chapter 11]), we can find another definition
for the p-adic L-functions using Volkenborn integrals which is equivalent to
Kubota-Leopoldt’s original definition. The Volkenborn integral was intro-
duced by Volkenborn [19] and he also investigated many important proper-
ties of p-adic valued functions defined on the p-adic domain (see [19, 20]).
In 1749, Euler gave a paper to the Berlin Academy entitled Remar-
ques sur un beau rapport entre les se´ries des puissances tant directes que
re´ciproques. In this paper, he studied
φ(s) =
∞∑
n=1
(−1)n
ns
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(see [1, p. 1081]).
For s ∈ C and Re(s) > 0, the Euler zeta function and the Hurwitz-type
Euler zeta function are defined by
ζE(s) = 2
∞∑
n=1
(−1)n
ns
, and ζE(s, x) = 2
∞∑
n=0
(−1)n
(n + x)s
respectively (see [1, 6, 11, 12, 15]). Notice that the Euler zeta functions
can be analytically continued to the whole complex plane, and these zeta
functions have the values of the Euler numbers or the Euler polynomials at
negative integers.
Recently, we defined the p-adic Hurwitz-type Euler zeta functions using
the fermionic p-adic integral on Zp (see [9]). Notice that the fermionic p-
adic integral on Zp has been used by T. Kim [11] to derive useful formulas
involving the Euler numbers and polynomials, and it has also been used by
the second author to give a brief proof of Stein’s classical result on Euler
numbers modulo power of two (see [7]). In [9], we first gave the definition
for the p-adic Hurwitz-type Euler zeta function for x ∈ CZp, then we gave
the definition for the p-adic Hurwitz-type Euler zeta function for x ∈ Zp
using characters modulo pv and also gave a new definition for the p-adic
Euler ℓ-function for characters modulo pv as a special case. We showed
that in this case the definition is equivalent to the second author’s previous
definition in [8]. In [8], the second author defined the p-adic Euler ℓ-functions
for Dirichlet characters with odd conductor following Kubota-Leopoldt’s
approach and Washington’s one and he also computed the derivative of p-
adic Euler ℓ-function at s = 0 and the values of p-adic Euler ℓ-function at
positive integers.
In this paper, we define the p-adic Euler L-functions using the fermionic
p-adic integral on Zp. By computing the values of the p-adic Euler L-
functions at negative integers, we show that for Dirichlet characters with
odd conductor, this definition is equivalent to the second author’s previ-
ous definition in [8] following Kubata-Leopoldt and Washington’s approach
(see Remark 4.6). We also study the behavior of p-adic Euler L-functions
at positive integers. We show that most of the results in Section 11.3.3 of
Cohen’s book [3] are also established if we replace the generalized Bernoulli
numbers with the generalized Euler numbers.
2. Generalized Euler numbers
In this section, we recall some facts on the Euler numbers, the Euler
polynomials and the generalized Euler numbers which will be used in the
subsequent sections to study the properties for the p-adic Euler L-functions.
The definition of Euler polynomials is well known and can be found in
many classical literatures (cf. see [17, p. 527-532]).
We consider the following generating function
(2.1) F (t, x) =
2ext
et + 1
.
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Expand F (t, x) into a power series of t :
(2.2) F (t, x) =
∞∑
n=0
En(x)
tn
n!
.
The coefficients En(x), n ≥ 0, are called Euler polynomials. We note that
there is a second kind Euler numbers, namely, from (2.1)
(2.3) En = En(0),
For example
E0 = 1, E1 = −
1
2
, E3 =
1
4
, E5 = −
1
2
, E7 =
17
8
, E9 = −
31
2
, E11 =
691
4
, ...
and E2k = 0 for k = 1, 2, ....
These numbers is a kind of (λ-)Euler numbers which defined by T. Kim
in [11, p. 784]. This is different from the first kind Euler numbers named by
Scherk in 1825 (see the first paragraph of [7, p. 2167]).
We generalize the above definition of En and En(x) as follows: let χ be
a primitive Dirichlet character χ with an odd conductor f = fχ, and let
(2.4) Fχ(t) = 2
f∑
a=1
(−1)aχ(a)eat
eft + 1
, |t| <
π
f
and
(2.5) Fχ(t, x) = Fχ(t)e
xt = 2
f∑
a=1
(−1)aχ(a)e(a+x)t
eft + 1
, |t| <
π
f
.
(see e.g. [11, p. 783]). Expanding theses into power series of t, let
(2.6) Fχ(t) =
∞∑
n=0
En,χ
tn
n!
and
(2.7) Fχ(t, x) =
∞∑
n=0
En,χ(x)
tn
n!
.
Then En,χ(x) =
∑n
i=0
(
n
i
)
Ei,χx
n−i for n ≥ 0. The coefficients En,χ and
En,χ(x) for n ≥ 0, are called generalized Euler numbers and polynomials,
respectively. It is clear from (2.4) that Fχ(−t) = −χ(−1)Fχ(t), if χ 6= χ
0,
the trivial character. Hence we obtain the result as follows:
Proposition 2.1. If χ 6= χ0, the trivial character, then we have
(−1)n+1En,χ = χ(−1)En,χ, n ≥ 0.
In particular we obtain
En,χ = 0 if χ 6= χ
0, n 6≡ δχ (mod 2),
where δχ = 0 if χ(−1) = −1 and δχ = 1 if χ(−1) = 1.
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Let N be the least common multiple of p and f. Then by (2.4), we have
(2.8) Fχ(t) = 2
∞∑
m=0
(−1)mχ(m)emt = 2
N∑
a=1
(−1)aχ(a)
(e
a
N )Nt
eNt + 1
.
Therefore, by (2.1), (2.2), (2.4), (2.6) and (2.8), we obtain the result as
follows:
Proposition 2.2. Let N be the least common multiple of p and f . Then
En,χ = N
n
N∑
a=1
(−1)aχ(a)En
( a
N
)
.
From (2.5), the generating function Fχ(t, x) is given by
(2.9)
Fχ(t, x) = 2
f∑
a=0
(−1)aχ(a)
∞∑
k=0
(−1)ke(a+x+fk)t
=
∞∑
n=0
(
2
∞∑
l=0
(−1)lχ(l)(l + x)n
)
tn
n!
.
Comparing coefficients of tn/n! on both sides of (2.7) and (2.9) gives
(2.10) En,χ(x) = 2
∞∑
l=0
(−1)lχ(l)(l + x)n
(see [11, p.784]). In particular, if n ≥ 0 we have
(2.11) En,χ(x+N) = 2
∞∑
l=0
(−1)lχ(l)(l + x+N)n.
By (2.10) and (2.11), we obtain the results as follows:
Proposition 2.3. Let N be the least common multiple of f and p, we have
N−1∑
r=0
(−1)rχ(r)(x+ r)n =
En,χ(x)− (−1)
NEn,χ(x+N)
2
.
3. The p-adic fermionic integral
In this section, we recall the p-adic fermionic integral and its relationship
between the Euler numbers and polynomials.
Let UD(Zp,Cp) denote the space of all uniformly (or strictly) differen-
tiable Cp-valued functions on Zp (see [11]). The metric space Qp has a basis
of open sets consisting of all sets of the form a+pNZp = {x ∈ Qp | |x−a|p ≤
p−N} ⊂ Zp for a ∈ Qp and N ∈ Z. This means that any open subset of
Qp is a union of open subsets of this type. For N ≥ 1, the p-adic fermionic
distribution
(3.1) µ−1(a+ p
NZp) = (−1)
a
is known as a measure on Zp (see [11]). We shall write dµ−1(x) to remind
ourselves that x is the variable of integration. It is well known that for
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f ∈ UD(Zp,Cp), its fermionic p-adic integral I−1(f) on Zp is defined to be
the limit of
pN−1∑
a=0
f(a)(−1)a
as N →∞ (see [11, 7, 9]). Write down this integral as
(3.2) I−1(f) =
∫
Zp
f(x)dµ−1(x) = lim
N→∞
pN−1∑
a=0
f(a)(−1)a ∈ Cp
(see [11] for more details). By (3.2), it is well known that the Euler numbers
En and the Euler polynomials En(x) are connected with I−1-integrals as
follows. For any n ≥ 0,
(3.3) I−1(x
n) =
∫
Zp
xndµ−1(x) = En
and
(3.4) I−1((x+ y)
n) =
∫
Zp
(x+ y)ndµ−1(y) = En(x)
(see [11, 7]).
We can now obtain the generalized Euler numbers and polynomials on
Zp. Let χ be a primitive Dirichlet character χ with an odd conductor f = fχ,
and let N be the least common multiple of p and f. Then by (3.2), (3.4)
and Proposition 2.2, we see that
(3.5)
∫
Zp
χ(x)xndµ−1(x) = lim
r→∞
Npr−1∑
a=0
(−1)aχ(a)an
= lim
r→∞
N−1∑
k=0
pr−1∑
a=0
(−1)Na+kχ(Na + k)(Na + k)n
= Nn
N−1∑
k=0
(−1)kχ(k)
∫
Zp
(
k
N
+ a
)n
dµ−1(a)
= Nn
N−1∑
k=0
(−1)kχ(k)En
(
k
N
)
= En,χ
is equivalent to
(3.6) I−1(χ(x)x
n) =
∫
Zp
χ(x)xndµ−1(x) = En,χ.
Similarly, by (3.5) we have
(3.7) I−1(χ(y)(x+ y)
n) =
∫
Zp
χ(y)(x+ y)ndµ−1(y) = En,χ(x).
Therefore we have the results as follows:
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Proposition 3.1. Let χ be a primitive Dirichlet character χ with an odd
conductor. Then for n ≥ 0 we have
(1) I−1(x
n) =
∫
Zp
xndµ−1(x) = En.
(2) I−1((x+ y)
n) =
∫
Zp
(x+ y)ndµ−1(y) = En(x).
(3) I−1(χ(x)x
n) =
∫
Zp
χ(x)xndµ−1(x) = En,χ.
(4) I−1(χ(y)(x+ y)
n) =
∫
Zp
χ(y)(x+ y)ndµ−1(y) = En,χ(x).
4. p-adic Euler L-functions
In this section, we define the p-adic Euler L-functions and compute its
value at negative integers.
Given x ∈ Zp, p ∤ x and p > 2, there exists a unique (p − 1)-th root of
unity ω(x) ∈ Zp such that
x ≡ ω(x) (mod p),
where ω is the Teichmu¨ller character. Let 〈x〉 = ω−1(x)x, so 〈x〉 ≡ 1
(mod p). We extend the notation 〈 〉 to Q×p by setting
(4.1) 〈x〉 =
〈
x
pvp(x)
〉
.
If x ∈ Q×p , we define ωv(x) by
(4.2) ωv(x) =
x
〈x〉
= pvp(x)ω
(
x
pvp(x)
)
(see [3, p. 280, Definition 11.2.2] for more details). Now we give a definition
for the p-adic Euler L-functions.
Definition 4.1. Let χ be a primitive character of conductor f and m be
the least common multiple of f and p. For s ∈ Cp such that |s| < Rp =
p(p−2)/(p−1), we have
Lp,E(χ, s) = 〈m〉
1−s
f−1∑
a=0
χ(a)ζp,E
(
s,
a
f
)
(−1)a,
where the p-adic Hurwitz-type Euler zeta function ζp,E (s, x) is defined in
Definition 3.2 and 4.1 of [9] for x ∈ CZp and x ∈ Zp, respectively. We define
Lp,E(χ, 1) = lim
s→1
Lp,E(χ, s), when the limit exist. In particular if χ is the
trivial character χ0, we set ζp,E(s) = Lp,E(χ0, s) = ζp,E(s, 0) (see Theorem
4.10 (3) in [9]).
Definition 4.2 (see [3, p. 302]). (1) Let m ∈ Z>0. We define χ0,m to
be the trivial character modulo 1 when p ∤ m, and to be the trivial
character modulo p when p | m. In other words, χ0,m(a) = 1 when
p ∤ a or when p | a but p ∤ m and χ0,m(a) = 0 when p | a and p | m.
(2) If I ⊂ Z, we set ∑(p)
a∈I
g(a) =
∑
a∈I
p∤a
g(a)
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and similarly ∏(p)
a∈I
g(a) =
∏
a∈I
p∤a
g(a).
In particular, if p | m we have
∑(p)
0≤a<m
g(a) =
m−1∑
a=0
χ0,m(a)g(a).
Lemma 4.3 (see [3, p. 302]). Let χ be a nontrivial primitive character of
conductor f and m be a common multiple of f and p. Then∑(p)
0≤a<m
χ(a) = 0.
Proposition 4.4. Let χ be a primitive character of an odd conductor f
and m be the least common multiple of f and p. Let s ∈ Cp be such that
|s| < Rp.
(1) We have
Lp,E(χ, s) = 〈m〉
1−s
m−1∑
a=0
χ0,m(a)χ(a)ζp,E
(
s,
a
m
)
(−1)a.
(2) If, in addition, p | m, we have
Lp,E(χ, s) = 〈m〉
1−s
∑(p)
0≤a<m
χ(a)(−1)a 〈a〉1−s
∞∑
i=0
(
1− s
i
)
mi
ai
Ei.
(3) If χ 6= χ0, then
Lp,E(χ, 1) =
∑(p)
0≤a<m
χ(a)(−1)a.
Proof. (1) Writing a = kf + r, we have
(4.3)
〈m〉1−s
m−1∑
a=0
χ0,m(a)χ(a)ζp,E
(
s,
a
m
)
(−1)a
= 〈m〉1−s
f−1∑
r=0
χ(r)(−1)r
m
f
−1∑
k=0
χ0,m(kf + r)ζp,E
(
s,
kf + r
m
)
(−1)k.
Case (I): If p ∤ m, then χ0,m to be a trivial character modulo 1 by
Definition 4.2. Using Theorem 3.10 (3) in [9], we have
m
f
−1∑
k=0
χ0,m(kf + r)ζp,E
(
s,
kf + r
m
)
(−1)k =
m
f
−1∑
k=0
ζp,E
(
s,
r
m
+
k
m
f
)
(−1)k
= ζp,E
(
s,
r
f
)
.
8 SU HU AND MIN-SOO KIM
Case (II): If p | m, then χ0,m to be a trivial character modulo p by
Definition 4.2. Thus we have
m
f
−1∑
k=0
χ0,m(kf + r)ζp,E
(
s,
kf + r
m
)
(−1)k =
m
f
−1∑
k=0
p∤(kf+r)
ζp,E
(
s,
r
m
+
k
m
f
)
(−1)k.
Using Corollary 4.5 in [9], we obtain the following:
(a) Suppose p ∤ f. Then r/f ∈ Zp and
p ∤ (kf + r) if and only if p ∤ (r/f + k).
Thus
(4.4)
m
f
−1∑
k=0
p∤(kf+r)
ζp,E
(
s,
r
m
+
k
m
f
)
(−1)k = ζp,E
(
s,
r
f
)
.
(b) If p | f, then χ0,m(kf + r) = χ0,m(r). We have
m
f
−1∑
k=0
χ0,m(kf + r)ζp,E
(
s,
kf + r
m
)
(−1)k
= χ0,m(r)
m
f
−1∑
k=0
ζp,E
(
s,
r
m
+
k
m
f
)
(−1)k.
If p | r, then
(4.5)
m
f
−1∑
k=0
χ0,m(kf + r)ζp,E
(
s,
r
m
+
k
m
f
)
(−1)k = 0.
If p ∤ r, then r/f ∈ CZp. Thus by Theorem 3.10 (3) in [9] and the definition
of χ0,m(r), we have
(4.6)
χ0,m(r)
m
f
−1∑
k=0
ζp,E
(
s,
r
m
+
k
m
f
)
(−1)k = χ0,m(r)ζp,E
(
s,
r
f
)
= ζp,E
(
s,
r
f
)
.
Thus if p ∤ f, substitute (4.4) to (4.3), we have
〈m〉1−s
m−1∑
a=0
χ0,m(a)χ(a)ζp,E
(
s,
a
m
)
(−1)a
= 〈m〉1−s
f−1∑
r=0
χ(r)(−1)r
m
f
−1∑
k=0
χ0,m(kf + r)ζp,E
(
s,
r
m
+
k
m
f
)
(−1)k
= 〈m〉1−s
f−1∑
r=0
χ(r)(−1)rζp,E
(
s,
r
f
)
= Lp,E(χ, s).
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If p | f, substitute (4.5) and (4.6) to (4.3), we have
〈m〉1−s
m−1∑
a=0
χ0,m(a)χ(a)ζp,E
(
s,
a
m
)
(−1)a
= 〈m〉1−s
f−1∑
r=0
χ(r)(−1)r
m
f
−1∑
k=0
χ0,m(kf + r)ζp,E
(
s,
r
m
+
k
m
f
)
(−1)k
= 〈m〉1−s
f−1∑
r=0
p∤r
χ(r)(−1)r
m
f
−1∑
k=0
χ0,m(kf + r)ζp,E
(
s,
r
m
+
k
m
f
)
(−1)k
= 〈m〉1−s
f−1∑
r=0
p∤r
χ(r)(−1)rζp,E
(
s,
r
f
)
= Lp,E(χ, s),
since p | f and p | r, we have (f, r) 6= 1, so χ(r) = 0, thus we get the last
equality.
(2) If p | m, from (1), we have
Lp,E(χ, s) = 〈m〉
1−s
m−1∑
a=0
χ0,m(a)χ(a)ζp,E
(
s,
a
m
)
(−1)a.
Since p | m, by Definition 4.2, we have
(4.7)
Lp,E(χ, s) = 〈m〉
1−s
m−1∑
a=0
χ0,m(a)χ(a)ζp,E
(
s,
a
m
)
(−1)a
= 〈m〉1−s
∑(p)
0≤a<m
χ(a)ζp,E
(
s,
a
m
)
(−1)a.
Also since in the above equality, p ∤ a and p | m, we obtain
a
m
∈ CZp.
By Theorem 3.5 of [9], we have
(4.8) ζp,E
(
s,
a
m
)
=
〈 a
m
〉1−s ∞∑
i=0
(
1− s
i
)
Ei
mi
ai
,
where Ei are Euler numbers. Substitute (4.8) to (4.7), we have
Lp,E(χ, s) =
∑(p)
0≤a<m
χ(a)(−1)a〈a〉1−s
∞∑
i=0
(
1− s
i
)
mi
ai
Ei.
(3) Since p | m, by (2), we have
Lp,E(χ, 1) =
∑(p)
0≤a<m
χ(a)(−1)a
and the result is established. 
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Next we compute the values of p-adic Euler L-functions at negative in-
tegers.
Proposition 4.5. Keep the above assumptions.
(1) The function Lp,E(χ, s) is a p-adic analytic function for |s| < Rp.
(2) For k ∈ Z≥1, we have
Lp,E(χ, 1− k) = (1− p
kχk(p))Ek,χk ,
where χk = χω
−k and χ 6= χ0, the trivial character.
(3) If χ is an even character the function Lp,E(χ, s) is identically equal
to zero
Remark 4.6. By comparing Proposition 4.5 (2) with equalities (3.2) and
(3.3) in [8, p. 6], from Lemma 1 in [5, p. 19] we conclude that for Dirichlet
characters with odd conductor the definition of p-adic Euler L-functions
in this paper is equivalent to the second author’s previous definition in [8]
following Kubata-Leopoldt’s approach.
Proof. (1) By definition of Lp,E(χ, s), Theorem 3.5 and Proposition 4.7 in
[9], the result follows.
(2) Let m be the least common multiple of p and f . Then by Proposition
4.4 (1), we have
Lp,E(χ, 1− k) = 〈m〉
k
m−1∑
a=0
χ0,m(a)χ(a)ζp,E
(
1− k,
a
m
)
(−1)a.
Since p | m, by Definition 4.2 (2), we have
(4.9) Lp,E(χ, 1− k) = 〈m〉
k
∑(p)
0≤a<m
χ(a)ζp,E
(
1− k,
a
m
)
(−1)a.
Also since p ∤ a and p | m, we have a/m ∈ CZp. Using Theorem 3.9 (2) in
[9] we have
(4.10) ζp,E
(
1− k,
a
m
)
=
1
ωkv
(
a
m
)Ek ( a
m
)
.
where Ek(x) are the Euler polynomials. Substitute (4.10) to (4.9), we have
Lp,E(χ, 1− k) = 〈m〉
k
∑(p)
0≤a<m
χ(a)(−1)a
1
ωkv
(
a
m
)Ek ( a
m
)
= 〈m〉kωkv (m)
∑(p)
0≤a<m
(−1)aχω−kv (a)Ek
( a
m
)
.
Since p ∤ a, we have
ωv(a) = p
v(a)ω
(
a
pv(a)
)
= ω(a).
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Thus if χ 6= χ0, by Proposition 2.2, we have
Lp,E(χ, 1− k) = 〈m〉
kωkv(m)
∑(p)
0≤a<m
(−1)aχω−k(a)Ek
( a
m
)
= 〈m〉kωkv(m)
(m−1∑
a=0
(−1)aχω−k(a)Ek
( a
m
)
−
m−1∑
a=0
p|a
(−1)aχω−kv (a)Ek
( a
m
))
=
(
mk
m−1∑
a=0
(−1)aχω−k(a)Ek
( a
m
)
−mk
m
p
−1∑
a=0
(−1)aχω−k(pa)Ek
(pa
m
))
=
(
mk
m−1∑
a=0
(−1)aχω−k(a)Ek
( a
m
)
− pkχω−k(p)
(
m
p
)k mp −1∑
a=0
(−1)aχω−k(a)Ek
(
a
m
p
))
= (1− pkχk(p))Ek,χk ,
where χk = χω
−k.
(3) From Definition 4.1, we have
Lp,E(χ, s) = 〈m〉
1−s
f−1∑
a=0
χ(a)ζp,E
(
s,
a
f
)
(−1)a.
Let b = f − 1 − a, and let χ be an even character. Then by Corollary 3.6
and Theorem 4.10 in [9], we have
Lp,E(χ, s) = 〈m〉
1−s
f−1∑
b=0
χ(f − 1− b)ζp,E
(
s,
f − 1− b
f
)
(−1)f−1−b
= 〈m〉1−s
f−1∑
b=0
χ(1 + b)ζp,E
(
s,
1 + b
f
)
(−1)b
= 〈m〉1−s
f∑
b′=1
χ(b′)ζp,E
(
s,
b′
f
)
(−1)b
′
(−1),
so Lp,E(χ, s) = −Lp,E(χ, s). Therefore Lp,E(χ, s) = 0 if χ is an even charac-
ter. 
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5. p-adic Euler L-function at positive integers
In this section we study the behavior of p-adic Euler L-functions at pos-
itive integers following Cohen’s approach in Section 11.3.3 of [3]. We show
that most of the results in Section 11.3.3 of Cohen’s book are also estab-
lished if we replace the generalized Bernoulli numbers with the generalized
Euler numbers.
Proposition 5.1. Let f be an odd integer and χ be a primitive character
modulo f and m be the least common multiple of f and p.
(1) For k ∈ Z\{0}, we have
Lp,E(χ, k + 1) = lim
N→∞
∑(p)
0≤n<mpN
χωk(n)
(−1)n
nk
.
(2)
Lp,E(χ, 1) = E0,χ,
where E0,χ defined in (2.6).
Proof. (1) By Theorem 3.9 (1) in [9], for p ∤ a, we have
(5.1)
ζp,E
(
k + 1,
a
m
)
= ωkv
( a
m
) ∫
Zp
1(
a
m
+ j
)k dµ−1(j)
= ωkv
( a
m
)
lim
N→∞
pN−1∑
j=0
(−1)j(
a
m
+ j
)k
= ωkv
( a
m
)
mk lim
N→∞
pN−1∑
j=0
(−1)j
(a+mj)k
= ωkv (a)
mk
ωkv (m)
lim
N→∞
pN−1∑
j=0
(−1)j
(a+mj)k
.
So that, by Definition 4.2 (2) and Proposition 4.4 (1), we have
(5.2)
Lp,E(χ, k + 1) = 〈m〉
−k
m−1∑
a=0
χ0,m(a)χ(a)ζp,E
(
k + 1,
a
m
)
(−1)a
= 〈m〉−k
∑(p)
0≤a<m
χ(a)ζp,E
(
k + 1,
a
m
)
(−1)a.
Thus if we set
n = mj + a, where 0 ≤ j ≤ pN − 1, 0 ≤ a ≤ m− 1, p ∤ a.
Then
0 ≤ n ≤ mpN − 1, and p ∤ m.
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Substitute (5.1) to (5.2), since f is an odd integer andm is the least common
multiple of f and p, we have
(5.3)
Lp,E(χ, k + 1) =
∑(p)
0≤a<m
χ(a)ωkv (a)(−1)
a lim
N→∞
pN−1∑
j=0
(−1)j
(a+mj)k
=
∑(p)
0≤a<m
χ(a)ωkv (a) lim
N→∞
pN−1∑
j=0
(−1)j+a
(a +mj)k
=
∑(p)
0≤a<m
χωk(a) lim
N→∞
pN−1∑
j=0
(−1)ma+j
(ma + j)k
= lim
N→∞
∑(p)
0≤n<mpN−1
χωk(n)
(−1)n
nk
.
(2) By Definition of Lp,E(χ, s), Theorem 3.8 and Corollary 4.4 in [9], we
have
Lp,E(χ, k + 1) =
f−1∑
a=0
χ(a)ζp,E
(
1,
a
f
)
(−1)a
=
f−1∑
a=0
χ(a)(−1)a
= E0,χ.

Corollary 5.2. Let k ∈ Z\{0}. If χ is a primitive character modulo a
power of p, then we have
Lp,E(χ, k + 1) =
∫
Z×p
χωk(x)
xk
dµ−1(x).
In particular,
Lp,E(ω
−k, k + 1) =
∫
Z×p
1
xk
dµ−1(x).
Proof. If f is a power of p, that is f = pv, then we have
Lp,E(χ, s) =
pv−1∑
a=0
χ(a)ζp,E
(
s,
a
pv
)
(−1)a
= ζp,E(χ, s, 0)
= ℓp,E(χ, s)
14 SU HU AND MIN-SOO KIM
by Corollary 4.3 and Remark 4.11 in [9]. Thus
Lp,E(χ, s) = ℓp,E(x, k + 1)
= ζ(χ, s, 0)
=
∫
Zp
χ(x)〈x〉−kdµ−1(x)
=
∫
Z×p
χ(x)〈x〉−kdµ−1(x)
=
∫
Z×p
χωk(x)x
−kdµ−1(x)
=
∫
Z×p
χωk(x)
xk
dµ−1(x).

Proposition 5.3. Let χ be a primitive character modulo f and Φ be the
Euler-phi function. Then for all k ∈ Z, we have
Lp,E(χ, k + 1) = lim
r→∞
EΦ(pr)−k,χωk .
In particular,
lim
r→∞
EΦ(pr)−k = Lp,E(ω
−k, k + 1),
where Em are the Euler numbers.
Proof. Denote χk = χω
−k. Since Lp,E(χ, s) is a continuous function of s, for
all k ∈ Z, we have
Lp,E(χ, k + 1) = lim
r→∞
Lp,E(χ, k + 1− Φ(p
r))
= lim
r→∞
Lp,E(χ, 1− (Φ(p
r)− k)
= lim
r→∞
(1− pΦ(p
r)−kχΦ(pr)−k(p))EΦ(pr)−k,χωk−Φ(pr)
using Proposition 4.5. Since
ωΦ(p
r) = ωp
r−1(p−1) = 1 and χΦ(pr)−k = χω
k−Φ(pr) = χωk,
thus
Lp,E(χ, k + 1) = lim
r→∞
EΦ(pr)−k,χωk .
This completes the proof of the Theorem. 
Definition 5.4. For k ∈ Z, we define the p-adic χ-Euler numbers by
Ek,p,χ = lim
r→∞
EΦ(pr)+k,χ = Lp,E(χω
k, 1− k).
Proposition 5.5. Assume that the conductor of χ is a power of p. Then
for k ∈ Z, we have
Ek,p,χ = lim
r→∞
∑(p)
0≤n<pr
χ(n)nk(−1)n =
∫
Zp
χ(x)xkdµ−1(x).
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Proof. We have
Ek,p,χ = Lp,E(χω
k, 1− k)
=
∫
Z×p
χ(x)xkdµ−1(x)
= lim
r→∞
∑(p)
0≤n<pr
χ(n)nk(−1)n.
using Corollary 5.2. Thus
Ek,p,χ = lim
r→∞
∑(p)
0≤n<pr
χ(n)nk(−1)n =
∫
Zp
χ(x)xkdµ−1(x).

Proposition 5.6.
(1) If χ(−1) = (−1)k, then we have
Ek,p,χ = 0.
(2) If k ≥ 1, then we have
Ek,p,χ = (1− p
kχ(p))Ek,χ.
(3) Let m be the least common multiple of f and p, and set
Hn(x) =
∑(p)
0≤a<m
χ(a)
an
(−1)a.
If k ≥ 1 and χ(−1) = (−1)k−1, we have
E−k,p,χ =
m∑
i=0
(−1)i
(
k + i− 1
k − 1
)
miEiHk+i(x),
where Ei is the Euler numbers.
(4) For all k, we have vp(Ek,p,χ) ≥ 0.
Proof. (1) If χ(−1) = 1 and k ≡ 0 (mod 2), then Φ(pr) + k ≡ 0 (mod 2),
we have EΦ(pr)+k,χ = 0 by Proposition 2.1, thus
Ek,p,χ = lim
r→∞
EΦ(pr)+k,χ = 0.
If χ(−1) = −1 and k ≡ 1( modulo 2), then Φ(pr) + k ≡ 1 (mod 2), we have
EΦ(pr)+k,χ = 0 by Proposition 2.1, thus
Ek,p,χ = lim
r→∞
EΦ(pr)+k,χ = 0.
(2) By Proposition 4.5 (2) and Definition 5.4, we have
Ek,p,χ = Lp,E(χω
k, 1− k) = (1− pkχ(p))Ek,χ.
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(3) By Proposition 4.4, we have
Lp,E(χω
−k, k + 1) = 〈m〉−k
∑(p)
0≤a<m
χω−k(a)(−1)a
〈 a
m
〉−k ∞∑
i=0
(
−k
i
)
mi
ai
Ei
=
∑(p)
0≤a<M
χk(a)(−1)
a〈a〉−k
∞∑
i=0
(
−k
i
)
mi
ai
Ei
=
∞∑
i=0
(
−k
i
)
miEi
∑(p)
0≤a<m
χk(a)(−1)
a 〈a〉
−k
ai
=
∞∑
i=0
(
−k
i
)
miEi
∑(p)
0≤a<m
χω−k(a)(−1)a
ωk(a)
ai+k
=
∞∑
i=0
(
−k
i
)
miEi
∑(p)
0≤a<m
χ(a)(−1)a
1
ai+k
.
By Definition 5.4 (1), we have
E−k,p,χ = Lp,E(χω
−k, k + 1)
=
∞∑
i=0
(
−k
i
)
miEiHk+i(x)
=
∞∑
i=0
(−1)i
(
k + i− 1
k − 1
)
miEiHk+i(x).
(4) We have
vp(Ek,χ) = vp
(
Nk
N∑
a=1
(−1)aχ(a)Ek
( a
N
))
≥ min
1≤a≤N
vp
(
Nk(−1)aχ(a)Ek
( a
N
))
= min
1≤a≤N
vp
(
Nk(−1)aχ(a)
k∑
j=0
(
k
j
)( a
N
)j
Ek−j
)
≥ min
1≤a≤N
0≤j≤k
vp
(
Nk(−1)aχ(a)
(
k
j
)( a
N
)j
Ek−j
)
≥ 0
proving (4). 
References
[1] R. Ayoub, Euler and Zeta Function, The American Mathematical Monthly.
81,(1974),1067–1086.
[2] H. Cohen, Number theory Vol. I: Tools and Diophantine equations, Graduate Texts
in Mathematics, 239. Springer, New York, 2007.
ON p-ADIC EULER L-FUNCTIONS 17
[3] H. Cohen, Number Theory Vol. II: Analytic and Modern Tools, Graduate Texts in
Mathematics, 240. Springer, New York, 2007.
[4] H. Cohen and E. Friedman, Raabe’s formula for p-adic gamma and zeta functions,
Ann. Inst. Fourier (Grenoble) 58 (2008), 363–376.
[5] K. Iwasawa, Lectures on p-Adic L-Functions, Ann. of Math. Stud. 74, Princeton
Univ. Press, Princeton, 1972.
[6] M. Kaneko, N. Kurokawa and M. Wakayama, A variation of Euler’s approach to
values of the Riemann zeta function, Kyushu J. Math. 57 (2003), 175–192.
[7] M.-S. Kim, On Euler numbers, polynomials and related p-adic integrals, J. Number
Theory 129 (2009), 2166–2179.
[8] M.-S. Kim, On the behavior of p-adic Euler ℓ-functions, arXiv:1010.1981.
[9] M.-S. Kim and S. Hu, On p-adic Hurwitz-type Euler zeta functions, arXiv:1010.2269
[10] T. Kim, On a q-analogue of the p-adic log gamma functions and related integrals, J.
Number Theory 76 (1999), 320–329.
[11] T. Kim, On the analogs of Euler numbers and polynomials associated with p-adic
q-integral on Zp at q = −1, J. Math. Anal. Appl. 331 (2007), 779–792.
[12] T. Kim, Euler numbers and polynomials associated with Zeta functions, Abstract
and Applied analysis. Article ID 581582, 2008.
[13] N. Koblitz, p-adic Numbers, p-adic Analysis and Zeta-Functions, 2nd ed., Springer-
Verlag, New York, 1984.
[14] T. Kubota and H. W. Leopoldt, Eine p-adische Theorie der Zetawerte, I, Einfuhrung
der p-adischen Dirichletschen L-Funktionen, J. Reine Angew. Math. 214/215
(1964), 328–339.
[15] M. R. Murty and M. Reece, A simple derivation of ζ(1− k) = −BK/K, Functiones
et Approximatio. XXVIII (2000), 141–154.
[16] A. M. Robert, A Course in p-adic Analysis, Springer-Verlag, New York, 2000.
[17] J. Sa´ndor and B. Crstici, Hand book of Number Theory II, Klumer Academic Pub-
lishers, 2004.
[18] S. S. Wagstaff, Jr, Prime divisors of the Bernoulli and Euler numbers, Number
theory for the millennium, III (Urbana, IL, 2000), 357–374, A K Peters, Natick,
MA, 2002.
[19] A. Volkenborn, Ein p-adisches Integral und seine Anwendungen I, Manuscripta
Math. 7 (1972), 341–373.
[20] A. Volkenborn, Ein p-adisches Integral und seine Anwendungen II, Manuscripta
Math. 12 (1974), 17–46.
[21] L. C. Washington, A note on p-adic L-functions, J. Number Theory 8 (1976), no.
2, 245–250.
[22] L. C. Washington, Introduction to Cyclotomic Fields, 2nd ed., Springer-Verlag, New
York, 1997.
Department of Mathematics, Korea Advanced Institute of Science and
Technology (KAIST), 373-1 Guseong-dong, Yuseong-gu, Daejeon 305-701,
South Korea
E-mail address : husu@kaist.ac.kr, suhu1982@gmail.com
Department of Mathematics, Korea Advanced Institute of Science and
Technology (KAIST), 373-1 Guseong-dong, Yuseong-gu, Daejeon 305-701,
South Korea
E-mail address : minsookim@kaist.ac.kr
